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review. For the MRI to be excited, the angular velocity

rotation axis, i.e., 9Q/dw < 0. There must also be

where both requirements may be satisfied in the near

radius (Schou et al. 1998). This motivates the question
whether the MRI might also be excited in stars like the °
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ABSTRACT

We address the question whether the magnetorotational instability (MRI) can operate in the near-
surface shear layer (NSSL) of the Sun and how it affects the interaction with the dynamo process.
Using hydromagnetic mean-field simulations of af2-type dynamos in rotating shearing-periodic boxes,
we show that for negative shear, the MRI can operate above a certain critical shear parameter. This
parameter scales inversely with the equipartition magnetic field strength above which « quenching set
in. Like the usual ) effect, the MRI produces toroidal magnetic field, but in our Cartesian cases it
is found to reduce the resulting magnetic field strength and thus to suppress the dynamo process. In
view of the application to the solar NSSL, we conclude that the turbulent magnetic diffusivity may
be too large for the MRI to be excited and that therefore only the standard  effect is expected to
operate.

Keywords: Magnetic fields (994); Hydrodynamics (1963)

1. INTRODUCTION s« by the fact that the convection is anisotropic such that
s solid-body rotation is no longer a solution to a rotating
s fluid even in the absence of external torques (Lebedin-
skii 1941; Wasiutynski 1946; Kippenhahn 1963; Kohler

The magnetorotational instability (MRI) provides a
source of turbulence in accretion discs, where it feeds
on Keplerian shear to turn potential energy into kinetic
and magnetic energies; see Balbus & Hawley (1998) for a

4

s 1970; Riidiger 1980; Brandenburg et al. 1990).
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S

Q) must decrease with increasing distance w from the

5!

b

a moderately strong magnetic field. This condition is

obeyed not only in accretion discs, but also in the Sun, >

@

o

surface shear layer (NSSL), the outer 4% of the solar  °

5
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g

o

Sun (Balbus & Hawley 1994; Urpin 1996; Masada 2011; s
Kagan & Wheeler 2014; Wheeler et al. 2015; Vasil et al. °
2024). In addition to the Sun, the application to proto- o
neutron stars is a particularly prominent one (Reboul-
Salze et al. 2022). 6

In the Sun’s outer 30% by radius there is convection ¢
converting part of the Sun’s thermal energy into kinetic
energy. The nonuniform rotation of the Sun is explained
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a0 causes also the emergence of the aforementioned NSSL
(Ridiger et al. 2014; Kitchatinov 2016, 2023). In addi-
s tion, there are small-scale (Meneguzzi & Pouquet 1989;
Nordlund et al. 1992; Brandenburg et al. 1996; Catta-
neo 1999) and large-scale (Képyld et al. 2008; Hughes
so & Proctor 2009; Masada & Sano 2014; Bushby et al.
2018) magnetic fields as a result of the convective tur-
bulence. The presence of radial stratification in density
and/or turbulent intensity, together with global rota-
tion, causes the occurrence of large-scale magnetic fields
(Moffatt 1978; Parker 1979; Krause & Rédler 1980; Zel-
dovich et al. 1983). Thus, in the Sun, the two ingredients
of the MRI—differential rotation and magnetic fields—
are ultimately caused by the underlying convection. To
address the question of whether or not the MRI is ex-
cited and whether it contributes to shaping the Sun’s
magnetic field to display equatorward migration of a
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2

global large-scale magnetic field, we need to separate the
MRI-driven flows from the convection. One approach is
to ignore convection, but to retain some of its secondary
effects, i.e., the NSSL with 9Q/0w < 0 and magnetic
fields produced by convection; see the discussion by Vasil
et al. (2024) and an appraisal by Zweibel (2024). An-
other approach, the one taken here, is to average over
the convection. By employing azimuthal averages, one
is left with a stationary, nonturbulent background. Fur-
thermore, correlations among different components of
the fluctuating parts of the turbulent velocity and mag-
netic fields emerge that are parameterized in terms of
(i) diffusive contributions, such as turbulent viscosity
and turbulent magnetic diffusion, and (ii) non-diffusive
contributions such as A and « effects, which are chiefly
responsible for producing differential rotation and large-
scale magnetic fields in the Sun (Riidiger & Hollerbach
2004). These effects explain in a self-consistent way the
NSSL and the large-scale magnetic field by solving the
averaged equations (Pipin 2017); see Brandenburg et al.
(2023) for a review.

It would in principle be possible to study the interac-
tion between the MRI and the dynamo in fully three-
dimensional turbulence simulations. However, the es-
sentials of these processes may well be captured in a
mean-field approach. Using direct numerical simulations
with forced turbulence, Viisdld et al. (2014) demon-
strated that the onset of the MRI is consistent with what
is expected from mean-field estimates. In particular, the
onset requires larger magnetic Reynolds numbers than
in the ideal case due to the action of turbulent diffusion.

Averaging over the convective motions of the Sun has
been done previously in the context of mean-field hy-
drodynamics with the A effect. When including com-
pressibility and thermodynamics, it was noticed that the
equations display an instability (Gierasch 1974; Schmidt
1982; Chan et al. 1987; Riidiger & Tuominen 1991;
Riidiger & Spahn 1992), whose nature was not under-
stood initially. However, this later turned out to be an
example where averaging over the convection leads to
mean-field equations that themselves are susceptible to
an instability, namely the onset of convection. This de-
pends on how close to adiabatic the mean-field state is
and what the values of the turbulent viscosity and tur-
bulent thermal diffusivities are (Tuominen et al. 1994).

When magnetic fields are present and sustained by
a dynamo, the full system of magnetohydrodynamic
(MHD) equations may be unstable to the MRI. We must
emphasize that we are here not talking about the pre-
viously studied case where the MRI provides the source
of turbulence, which then reinforces an initial magnetic
field by dynamo action through a self-sustained doubly-
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positive feedback cycle (Brandenburg et al. 1995; Haw-
ley et al. 1996; Stone et al. 1996). Even in that case, a
mean-field description may be appropriate to quantify
the nature of a large-scale dynamo governed by rotation
and stratification (Brandenburg & Sokoloff 2002; Bran-
denburg 2005a; Gressel 2010). However, such a descrip-
tion can only be an effective one, because the level of
turbulence is unknown and emerges only when solving
the underlying, essentially nonlinear dynamo problem
(Rincon et al. 2007; Lesur & Ogilvie 2008; Herault et al.
2011).

In the present paper, we focus on the simpler case
where a mean-field dynamo is assumed given, but po-
tentially modified by the MRI. Ideally, in view of solar
applications, it would be appropriate to consider an ax-
isymmetric hydromagnetic mean-field dynamo with dif-
ferential rotation being sustained by the A effect. Such
systems have been studied for a long time (Brandenburg
et al. 1990, 1991, 1992; Kitchatinov & Riidiger 1995;
Rempel 2006; Pipin 2017; Pipin & Kosovichev 2019),
but no MRI was ever reported in such studies. One
reason for this might be that it is hard to identify the
operation of the MRI in a system that is already gov-
erned by a strong instability which is responsible for
producing the magnetic field. We therefore take a step
back and consider here a system in Cartesian geometry.
In Section 2, we motivate the details of our model and
present the results in Section 3. We conclude in Section
4.

2. OUR MODEL
2.1. Shearing box setup

Following the early work of Balbus & Hawley (1991,
1992) and Hawley & Balbus (1991, 1992), we study the
MRI in a shearing—periodic box, where x is the cross-
stream direction, y is the streamwise or azimuthal direc-
tion, and z is the spanwise or vertical direction. As in
Viisila et al. (2014), we consider the mean-field equa-
tions for azimuthally averaged velocities U (z, z,t), the
magnetic field B(z, 2,t), and the mean density p(z, 2, t).
The system is rotating with the angular velocity €2, and
there is a uniform shear flow V(z) = (0, Sz,0), so the
full velocity is therefore given by V+U. We consider the
system to be isothermal with constant sound speed cg,
so the mean pressure p(x, z,t) is given by p = pc2. The
mean magnetic field is expressed in terms of the mean
magnetic vector potential A(z,z,t) with B = V x A to
satisfy V - B = 0. The full system of equations for p,
U, and A is given by (Brandenburg et al. 1995, 2008)

Dlnp v.T

Dt

(1)
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DU _ —
D7U =—SUy—-29xU —c*Vinp
+ [T xB+V - (20178)] /7, (2)
Z o - . _
% = -S4, +U x B+aB —noud,  (3)

where D/Dt = 9/0t + U - V is the advective derivative,
S is the rate-of-strain tensor of the mean flow with the
components S;; = (0;U;+0;U;)/2—6;;V-U/3, 2 is the
angular velocity, S = —¢€ is the shear parameter, and
J = V x B/ is the mean current density with pg being
the vacuum permeability. There are three mean-field
parameters: the turbulent viscosity vr, the turbulent
magnetic diffusivity nr, and the a effect. Note that in
our two-dimensional case, V -V = Sxz0, = 0. In some
cases, we allow for a quenching and write

a=ao/(1+B/BZ), (4)
where B is the equipartition field strength above which
« begins to be affected by the feedback from the Lorentz
force of the small-scale magnetic field (Ivanova & Ruz-
maikin 1977). We sometimes refer to this as microphys-
ical feedback to distinguish it from the macrophysical
feedback from the Lorentz force of the large-scale mag-
netic field, J x B. This type of saturation is some-
times also called the Malkus—Proctor mechanism, after
the early paper by Malkus & Proctor (1975), who em-
ployed spherical geometry.

In the absence of a quenching (B.q — ©0), the
only possibility for the dynamo to saturate is via the
Lorentz force from the mean magnetic field, J x B, i.e.,
the Malkus—Proctor mechanism. Also relevant to our
present work is that of Schuessler (1979), who consid-
ered Cartesian geometry. Our solutions, however, are
simpler still in that we employ periodic boundary con-
ditions in most cases.

A simple way to identify the operation of the MRI
in a dynamo is by comparing models with positive and
negative values of ¢, because the MRI only works in the
range 0 < ¢ < 2. Note also that for ¢ > 2, the hy-
drodynamic state is Rayleigh-unstable and results in an
exponentially growing shear flow, U, (z), without ever
saturating in a periodic system. In all of our cases, we
consider ¢ = +3/2. For the solar NSSL, however, we
have ¢ = 1 (Barekat et al. 2014). Smaller values of ¢ re-
duce the stress by a factor ¢/(2 — ¢) (Abramowicz et al.
1996), but the MRI is qualitatively unchanged.

Some of our models with positive shear (S > 0 or
g < 0), where the MRI is not operating, do not saturate
in the absence of a quenching. To check whether this is
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a peculiarity of the use of periodic boundary conditions,
we also consider models with what is called a vertical
field condition, i.e.,

B,=B,=0.B. =0, (5)

which corresponds to 9,4, = 8,32,,, = A, = 0. Note
that with this boundary condition, the normal compo-
nent of the Poynting vector E x B/uy, where E =
nrpoJ —U x B is the mean electric field, vanishes. Thus,
energy conservation is still preserved.

2.2. Input and output parameters

We consider a two-dimensional domain L, x L, and
define k1 = 27/L, as our reference wavenumber, which
is the lowest wavenumber in the z direction. The lowest
wavenumber in the x direction is ki, = 27/L,. Our
main input parameters are

Ca = S/nrki, (6)

as well as ¢ = —S5/Q and Beq, which can be expressed
via the corresponding Alfvén speed, vi! = Beq/+/Ho0p0,
in nondimensional form as

Co = ao/nrks,

Beq = vik1 /€2 (7)

In all our cases, we assume Pry = vp/nr = 1 for the
turbulent magnetic Prandtl number.

Diagnostic output parameters are the energies of the
mean fields that are derived either under yz or xy av-
eraging, &% and £Z, respectively. Those are sometimes
normalized by &y = BZ /2u0. We also monitor var-
ious parameters governing the flow of energy in our
system. These include the mean kinetic and magnetic
energy densities, &g = (ﬁﬁ2/2> and &y = (§2/2,u0>,
their time derivatives, Ex and éM, the kinetic and
magnetic energy dissipation rates, ex = (2pv1S?) and
e = <T]T,u072>, the fluxes of kinetic and magnetic en-
ergy tapped from the shear flow, Wx = (pU,U,S) and
Wum = —(ByByS/po), the work done by the pressure
force, Wp = —(U - Vp) as well as the work done by
the « effect, W, = (aJ - B), and the work done by
the Lorentz force, W, = (U - (J x B)). Figure 1 gives
a graphical illustration showing the flow of energy in a
hydromagnetic mean-field dynamo with shear.

For a uniform vertical magnetic field, By = (0,0, By),
the MRI is excited when vaok; < V2005, where vag =
Bo/\/1opo is the Alfvén speed of the uniform vertical
magnetic field. The MRI can be modeled in one di-
mension with V = (0,0,0,). Such a one-dimensional
setup could also lead to what is called an af) dynamo,
which means that the mean radial or cross-stream field

B, is regenerated by the a effect and the mean toroidal
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Figure 1. Flow of energy in a hydromagnetic mean-field
dynamo.

or streamwise field B, is regenerated by the  effect or,
more precisely, the shear flow V' (x). One sometimes also
talks about an a? dynamo if there is no shear, or about
an a?Q dynamo if both « effect and shear contribute to
regenerating Ey.

In the one-dimensional case with V = (0,0, 9,) and
periodic boundary conditions, the o? dynamo is excited
when C, > 1, while the af) dynamo is excited for
C,Cq > 2 (Brandenburg & Subramanian 2005). Be-
cause of V - B = 0, the resulting magnetic field is then
always of the form B(z) = (B, B,,0), i.e., B, = 0, so
it is not possible to have the MRI being excited.

This would change if the dynamo also had = extent.
To see this, we consider for a moment a one-dimensional
domain with V = (9,,0,0). In that case, an a? dynamo
with B(z) = (0, By, B) can be excited, allowing B, #
0. It would be excited when ag/nrki, = Coki/kiz > 1,
ie.,, Cq > k1./k1 = L./L,. Figure 2 gives a graphical
illustration of the generation of B, from B, through
the Q effect and from B, through the MRI, and the
generation of both B, and B, from B, through the «
effect.

To allow for the possibility that
dimensional domain such a dynamo is preferred over one
with z extent, we choose our domain to be oblate, e.g.,
L,/L., = 2. We solve the equations with the PENCIL
CoDE (Pencil Code Collaboration et al. 2021) using nu-
merical resolutions between 64 x 128 to 256 x 512 mesh
points, i.e., the mesh spacings in the x and z directions
are always kept the same.

in our two-

2.3. Dynamo types in the Rddler diagram
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Figure 2.  Sketch illustrating the generation of B, from
B, through the Q eﬂectjnd frorng throggh the MRI, and
the generation of both B, and B, from B, through the «
effect.
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Figure 3. Rédler diagram for the o?Q dynamo with z

extent (solid line) and the o dynamo with x extent in a do-
main with L./L, = 1/2 (horizontal dash-dotted line). The
onset location in the pure af) approximation (CoCqo = 2) is
shown as dashed lines.

It is convenient to discuss solutions in the C,—Cq
plane; see Figure 3. Such diagrams were extensively ex-
ploited by Rédler (1986), which is why we refer to such
plots in the following as Réadler diagrams. Réadler con-
sidered dynamos in spherical geometry where oo changed
sign about the equator, so the solutions were either sym-
metric or antisymmetric about the equator. In addition,
they could be axisymmetric or antisymmetric and they
could also be oscillatory or stationary.

For a one-dimensional a?{) dynamo, the complex
growth rate is (a?k? —ikaS)"/? — nrk? (Brandenburg &
Subramanian 2005). For the marginally excited state,
we require the real part of the complex growth rate to
vanish. This yields

Co = Cuy/(2/CZ — 1)2 — 1,

which is the solid line shown in Figure 3.

The Radler diagram gives a graphical overview of the
differences between dynamos with positive and negative
shear, i.e., positive and negative values of C. The MRI
is only possible for Cq < 0 (negative shear), while for

(®)
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Figure 4. Time dependence of &y (dotted black line), £&
(solid blue line) and &£ (dashed red line), all normalized by
Exil, and By versus t and z for a fratricidal dynamo (Run F)
with Co = 1, Cq = 150, ¢ = —3/2 (positive shear) and
Beq — o0 (no « quenching). Here, B, has been normalized
by its instantaneous rms values so as to see the dynamo wave
also during the early exponential growth phase and during
the late decay phase.

a3 Cqg > 0, we just expect ordinary af2 dynamo waves.
s This expectation, however, does not apply to dynamos
s in periodic domains with oy = const, as was first found
s16 in the fully three-dimensional turbulence simulations of
ar Hubbard et al. (2011). Their o2 dynamo started off as
sis expected, but at some point during the early, nonlinear
210 saturation phase of &5}, the dynamo wave stopped and a
320 new solution emerged that had a cross-stream variation,
21 i.e., &% became strong and suppressed £F.

2 A similar type of exchange of dynamo solutions in
s23 the nonlinear regime was first found by Fuchs et al.
2¢ (1999) while investigating hydromagnetic dynamos with
325 Malkus—Proctor feedback in a sphere. They found self-
6 Killing and self-creating dynamos due to the presence of
27 different stable flow patterns where the magnetic field
28 causes the solution to respond to a newly emerged flow
29 pattern after the initial saturation. This was thus the
330 first example of what then became known as a suicidal
s dynamo.

sz In analogy with the suicidal dynamos, the dynamos
s found by Hubbard et al. (2011) were called fratricidal
s« dynamos. This property of dynamos in a periodic do-
135 main emerged as a problem because af) dynamos in a
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Figure 5. Similar to Figure 4, but for a suicidal dynamo
with Cy = 0.49 and Cq = 7.5 (Run B).

periodic domain could only be studied for a limited time
interval before they disappeared (Karak & Brandenburg
2016).

3. RESULTS

We begin with the discussion of fratricidal and suici-
dal dynamos, but emphasize that those have so far only
been found in periodic systems for Cq > 0, i.e., for pos-
itive shear. Thus, to examine the effect of the MRI, we
compare solutions with positive and negative values of
Cq using both periodic and non-periodic domains.

3.1. Fratricidal and suicidal mean-field dynamos

Here we show that both fratricidal and suicidal dy-
namos can also occur in a mean-field context see Fig-
ures 4 and 5. The a? sibling is here possible because
Cyo > L,/L, = 0.5. This is shown in Figure 4, where we
plot €4 and &% vs time, and B, vs t and z. In the fol-
lowing, this case is referred to as Run F. We see that £&
grows exponentially starting from a weak seed magnetic
field. The zt diagram in Figure 4 shows the usual dy-
namo waves. When the dynamo approaches saturation,
EX also begins to grow exponentially, but at a rate that
it is much larger than the growth rate of £5. When &%
reaches about 1073&y, £& declines rapidly and is then
overtaken by &. At that moment, the dynamo waves
cease and a new transient commences with a rapidly
varying time dependence, but at a very low amplitude;
see the zt diagram of Figure 4 for 2.5 < tnrk? < 4.5.
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Figure 6. Comparison of solutions for Co < 0 (Runs C, E; and G; left panels) and Cq > 0 (Runs D, F, and H; right panels)
for periodic boundary conditions (top and middle) and vertical field boundary conditions (bottom). As in the upper panels of

Figures 4 and 5, &m (dotted black line), £ (solid blue line), and & (dashed red line), normalized by Exyt

For C, < 0.5, the o? sibling with & # 0 is impos-
sible. Surprisingly, it turned out that the a{2 dynamo
can then still be killed by a secondary &%, but such as
state with £ # 0 cannot be sustained and decays on an
ohmic time scale; see Figure 5 for Run B. It is therefore
an example of a suicidal dynamo. We see that &% de-
cay towards zero, and that the dynamo wave then just
disappears. By that time, Sl\Z,[ has already become very
small and has disappeared within the noise.

3.2. Comparison of positive and negative shear

To identify the effect of the MRI, it is convenient to
compare solutions for positive and negative shear. In
Figure 6, we plot the time evolutions of &y, &, and
Eﬁ for Runs C-G with different values of C,, and Cgq, as
well as periodic and vertical field boundary conditions.
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We see that, regardless of the boundary conditions, the
cases with negative shear, where the MRI is possible, all
have less magnetic energy than the cases with positive
shear. Thus, the action of the MRI always diminishes
dynamo action.

Various parameters related to the flow of energy are
summarized in Table 1. We see that Wi, is always posi-
tive, i.e., magnetic energy goes into kinetic energy. But
we also see that whenever Cg, is negative and the MRI
is excited, Wp, and €\ are always much larger than for
positive values of Cq, when the MRI does not operate.
It is remarkable that in the latter case, when only the
standard ) effect operates, Wx is often even negative.
Note also that Wp is not being given, because its value

is very small. Likewise, Ev and Ex are small and not
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Table 1.

7

Summary of the runs. The column BC gives 0 (1) for periodic (vertical field) boundary conditions. For runs without

a quenching we have Be_ql =0. & and £k are given in units of poQ?/k3. The energy fluxes Wy, Wk, Wa, Wi, em, €k, as well

as gain and losses are in units of nkaf,’M.

Run BC B;ll Cq Ca &m Ex Wwm Wk Wa Wh, €M ek gain loss
A 0 0 0.49 —-7.5 6.45 0.83 2.4 0.280 0.480 0.13 2.8 0.41 3.2 3.2
B 0 0 0.49 7.5 225 4.35 0.0 —0.000 0.490 0.00 0.5 0.00 0.5 0.5
C 0 0 0.20 —15 4.48 0.18 2.3 0.064 0.085 0.03 2.4 0.10 2.5 2.5
D 0 0 0.20 15 1.40 0.04 2.0 —0.001 0.080 0.04 2.0 0.04 2.0 2.1
E 0 0 1.00 —150 0.08 0.55 39.0 10.000 2.000 6.00 35.0 16.00 51.0 51.0
F 0 0 1.00 150 2.83 1.52 0.3 0.002 1.700 0.40 1.9 0.36 2.1 2.2
G 1 0 1.00 —150 0.40 0.64 20.0 5.600 1.300 2.00 20.0 6.60 27.0 27.0
H 1 0 1.00 150 0.55 0.49 88 —0.340 0.780 3.50 6.6 3.10 9.2 9.7
I 0 0 0.20 —150 0.19 0.59 7.3 0.630 0.048 2.00 5.9 2.70 7.9 8.6
J 0 0 0.20 150 0.78 0.27 3.5 —0.028 0.029 0.77 3.0 0.76 3.5 3.7
K 0 1 0.49 —-7.5 0.34 0.00 1.8 0.000 0.170  0.00 2.0 0.00 2.0 2.0
L 0 1 0.49 —30 2.41 0.00 2.0 —0.000 0.028 0.00 2.0 0.00 2.0 2.0
M 0 1 0.49 —-75 0.10 0.50 11.0 0.980 0.250 2.80 &80 4.00 12.0 12.0
N 0 1 0.49 —150 0.09 0.38 17.0 1.400 0.280 2.90 14.0 430 19.0 19.0
0] 0 1 0.49 —300 0.04 0.51 31.0 3.400 0.330 8.20 23.0 12.00 35.0 35.0
P 0 10  0.49 —-30 0.02 0.00 2.0 —0.000 0.027 0.00 2.0 0.00 2.0 2.0
Q 0 10  0.49 —-75 0.07 0.00 2.0 —-0.000 0.008 0.00 2.0 0.00 2.0 2.0
R 0 10  0.49 —300 0.28 0.00 2.1 —-0.000 0.001 0.00 2.1 0.00 2.1 2.1
S 0 10  0.49 —-750 0.22 0.01 3.9 —-0.000 0.010 0.04 3.9 0.04 4.0 3.9
T 0 10  0.49 —1500 0.19 0.02 6.6 0.008 0.003 0.10 7.6 0.12 6.6 6.6
U 0 10 0.49 —3000 0.08 0.01 16.0 0.900 0.021 -0.11 16.0 0.86 17.0 19.0
\% 0 100 0.49 —300 0.00 0.00 2.1 —0.000 0.002 0.00 2.1 0.00 2.1 2.1
W% 0 100 0.49 —750 0.01 0.00 2.1 —0.000 0.000 0.00 2.1 0.00 2.1 2.1
X 0 100 0.49 —1500 0.01 0.00 2.1 —0.000 0.000 0.00 2.1 0.00 2.1 2.1
Y 0 100 0.49 —3000 0.02 0.00 2.5 —0.000 0.000 0.00 2.3 0.00 2.5 2.5
Z 0 100 0.49 —7500 0.02 0.00 4.3 0.000 0.000 0.01 3.4 0.01 4.3 4.3
A 0 100 0.49 —-15000 0.01 0.00 13.0 0.000 0.000 0.01 9.8 0.00 13.0 13.0

listed, but are still included in the calculation of the
total
gain = Wy + W + W, + Wp (9)
and ) '
loss = em + ek + Em + Ek. (10)

Both the total gain and the total loss balance each other
nearly perfectly.

Interestingly, the ratio ex/ep, which is known to scale
with the microphysical magnetic Prandtl number in di-
rect numerical simulations of forced turbulence (Bran-
denburg 2014), varies widely in the present mean-field
calculations. It is always less than unity, and often much
less than unity. On the other hand, not much is known
about the scaling of this dissipation ratio for MRI-driven
turbulence. In the old simulations of Brandenburg et al.
(1995), this ratio was found to be even slightly larger
than unity. Given that we present only a coarse cov-
erage of a fairly large parameter space in the Réadler
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diagram, it is possible that there are some relationships
that cannot presently be discerned.

3.3. Magnetic field structures

It is instructive to inspect the magnetic field struc-
tures of individual snapshots. This is shown in Figure 7,
where we present visualizations of field lines in the xz
plane together with a color scale representation of Ey
for Runs C—H. In our two-dimensional case, field lines
are shown as contour of A,. Runs C and D have a
predominantly vertical dependence, which was already
indicated by the dominance of £Z over &% in Figure 6.
As we have seen before, the MRI is operating in Run C,
and this causes some residual x dependence in the field,
as manifested by the wavy pattern.

Run F is the complete opposite of Run D, because now
there is only a pure x dependence. Again, this was also
already indicated in Figure 6 through the dominance of
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Figure 7. Visualizations of field lines of (B, B.) in the zz plane on top of a color scale representation of B, for Runs C-H,

where blue (red) shades refer to negative (positive) values.

o EX over EF. This dramatic difference is explained by
w9 the value of C, = 1, which is now large enough for an
a0 o dynamo with z extent to be excited.

a1 For negative shear, on the other hand, Runs C and E
a2 also show a change from a predominantly z dependent
a3 field for small values of Cy, (Run C) to a predominantly
s x dependent field for large values of C, (Run E). How-
a5 ever, unlike the fratricidal dynamo for positive shear,
ss where £ is completely killed, it is here only partially
a7 suppressed; Figure 6. We could therefore call such a dy-
433 namo a narcissistic one. The dominant x dependence of
10 the magnetic field is also evident from Figure 7.

w0 Runs E and G show predominantly small-scale struc-
w1 tures. There is no strong difference between the periodic

42 and nonperiodic runs, except that the field lines are now
43 purely vertical on the boundaries. It is these small-scale
a4 structures that are responsible for the enhanced dissi-
45 pation and ultimately for the decreased efficiency of the
ws dynamo process in the presence of the MRI.

w7 Also Run H also has small-scale structures, but those
a8 are not related to the MRI, which is absent in this run
wo with positive shear. Here, the existence of small-scale
w0 structures is probably related to presence of boundaries
41 in the z direction. They lower the excitation conditions
42 for dynamo action with magnetic field dependence in
a3 the z direction, but there could also be other reasons for
44 the existence of small-scale structures in this case.

w5 3.4. Simulations with vertical boundary conditions
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Figure 8. Mean magnetic field evolution in a zt diagram

for simulations with vertical field boundary conditions in the
z direction for Runs I and J with Co = —150 (upper panel)
and Cqo = 4150 (lower panel), respectively, using Co, = 0.2.

Next, we study the mean magnetic field evolution for
simulations with vertical field boundary conditions in
the z direction. The resulting zt diagrams are shown
in Figure 8 for Runs I and J with Cn = —150 and
+150, respectively, using C, = 1. Note that during
the early kinematic phase, there is clear evidence for
dynamo waves migrating in the negative (positive) z di-
rection for negative (positive) values of Cq.

Comparing Runs F and G in Table 1, they have the
same parameters, but Run G has vertical field boundary
conditions. We see that Wxk is much larger in Run G
than in Run F. Also W7, is significantly larger in Run G,
but the difference is here not quite as large. This is
presumably caused by the existence of small-scale struc-
tures in Run G, while Run F has essentially only a one-
dimensional field structure at late times.

3.5. Transition from Q effect to MRI

When Cg, is small enough, the turbulent magnetic dif-
fusivity may be too large for the MRI to be excited,
as the magnetic diffusion rate might exceed the typical
growth rate of the instability, which is of the order of 2.
This idea assumes that the magnetic field is held fixed,
but this is not true when the magnetic field is still being
amplified by dynamo action and saturation by the large-
scale Lorentz force has not yet been achieved. Therefore,
since the magnetic field might still be growing, it would
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Figure 9. Dependence of Ev/Ey on Cq for Beq = 1 (black
dotted line), 0.1 (blue dashed line), and 0.01 (red solid line)
using C,, = 0.49 in all cases. The black solid line denotes
Em/Enf = 0.18|Cql and the filled circles on this line denote
the approximate values where Ev departs from the linearly
increasing trend with |Cq|. The inset shows the dependence
of C&' on Beg.

not be surprising if the MRI occurred even for small
values of Cq, corresponding to larger magnetic diffusion
rates.

To facilitate dynamo saturation at a lower magnetic
field strength, and therefore a regime with Cq < 0 with-
out MRI, we now invoke o quenching with finite values
of Bey. (The case without o quenching corresponds to
Beq — 00.) We have performed numerical experiments
for different values of B,y and Cq. It turns out that for
a fixed value of Beq, there is a critical value of Cq above
which the MRI commences. This is shown in Figure 9,
where we plot the mean magnetic energy density ver-
sus —Cq (for Cq < 0) and a fixed value of C, = 0.49.
We see that &y increases approximately linearly with
|Cq| and has the same value when normalized by the
respective value of &yf. Because the normalized values
En/Eyf are the same for different values of |Cq| and
different values of &y, this saturation dependence is a
consequence of « quenching. Above a certain value of
|Cql, however, the increasing trend stops and &y begins
to decline with increasing values of |Cq|. We associate
this with the onset of the MRI.

The MRI onset occurs for smaller values of |Cq| when
Beq is large. This is understandable, because for large
values of B.q, o quenching commences only for stronger
magnetic fields. Therefore, magnetic field saturation can
be accomplished by the MRI before o quenching would
be able to act. From the inset of Figure 9, we find
quantitatively

CH" ~ 308,
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Thus, although Cq < 0, the standard Q effect is ex-
pected to operate in the range

2/Ca 5 |Cal S C§™, (12)

and the MRI is only possible for values of |Cq| larger
than Cg't.

3.6. Comparison with earlier work

Let us now discuss whether the MRI might have been
excited in previously published work. Hydromagnetic
models with « and A effects were considered by Bran-
denburg et al. (1992) using spherical geometry. The sign
of Cq was determined by the sign of the A effect. Their
Cq is defined based on the stellar radius R and can
therefore not directly be compared with the Cq used in
the present work. Also, given that the differential rota-
tion emerges as a result of the A effect and is already
affected by the magnetic field, their Cq is an output
parameter.

In their Run T5 of model A—, they found Cq = —474,
while for their Run T7 of model A+, they found Cq =
+939... + 1010. The magnetic field in this model was
oscillatory, which explains the existence of a range of
Cq.

To address the question whether the MRI operated
in their model A—, we can look at the resulting mag-
netic field strengths and compare them with model A+.
They specified the decadic logarithms and found a mag-
netic energy of &y = 10%9% for their model A— and
En = 10377390 for their model A+. If the MRI was op-
erational, we might have expected that &\ would be sup-
pressed in their model A— relative to their model A+,
but the opposite is the case. The fact that |Cq| was
smaller in their Run T5 compared to Run T7 makes
the difference even larger, because a smaller |Cgq| should
have resulted in an even weaker magnetic field.

To decide about the excitation of the MRI, we can
also estimate their effective value of vak;/Q. Using
va = /2Em/po = 150, k; = 27/0.3R = 20, Q =
Ta'/?pp /2R? ~ 2700, where Ta = 3 x 107 is the turbu-
lent Taylor number, and Pry = 1, we find vak; /Q =~ 1,
so the MRI might well have been excited. Similar con-
clusions about the lack of a suppression for Cq < 0 can
also be drawn from the models of Brandenburg et al.
(1991) when Ta > 10°, but for Ta < 10%, they did find
a suppression of &y for Co < 0. A similar mismatch
was later also noticed for three-dimensional turbulent
rotating convection with shear (Kapyla et al. 2013).

3.7. FEstimates for the Sun

For the MRI to be excited, the Alfvén frequency,
wa = wvak, must not exceed the rotational shear fre-
quency, 1/2¢, where ¢ = —90InQ/0Inw is the local
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Figure 10. Depth dependence of the Alfvén frequency

for Brms = 300G (solid black line) using the mixing length
model of Spruit (1974). Also shown are the values for Byms =
1000 G and Byms = 100 G (upper and lower dashed lines), as
well as tmsk/3 (blue) and 3 x 102 cms™" k? (red line).

nondimensional shear parameter. For the solar NSSL,
we have ¢ = 1 (Barekat et al. 2014). Here, we estimate
k = 1/, where £ is the local mixing length, which is also
approximately equal to the depth, R —r, where R is the
solar radius and r is the local radius. In Figure 10, we
plot the depth dependence of wa on R — r, where the
radial dependence of ¢ and p has been obtained from
the solar mixing length model of Spruit (1974). Here,
we also present two estimates of the turbulent magnetic
diffusion rate nrk?, where we assume either a constant
nt (3 x 102 em?s™1) or 1 = Upms/3k (Sur et al. 2008).
Both rates show a similar dependence on depth. The
value nr = 3 x 10'2cm?s™! is motivated by a similar
value for the turbulent heat diffusivity; see Krivodubskii
(1984).

Using for the mean field of the Sun Bims = 300G, we
have v4 = 50ms~ ! and wa = 7x107%s™! at a depth of
7Mm where p ~ 3 x 107*gem ™3, and vy = Sms™!
and wp = 2 x 1077s7! at a depth of 40 Mm where
p ~ 1072gcm™3. These values bracket the value of 2,
so the MRI might be viable somewhere in this range.
However, different estimates for the turbulent diffusion
rate uymsk/3 (shown in blue) and 3 x 10'2cm?s~ ! k2
(shown in red) lie tightly at wa or even exceed it at
nearly all depths, making the MRI implausible to ex-
cite. Furthermore, if we estimated k = 27 /¢ instead
of just 1/¢, wa would attain much higher values and it
would be completely impossible to have the MRI being
excited.

4. CONCLUSIONS

The MRI can only work with negative shear, i.e., when
Cq < 0. Our mean-field models have shown that in that
case, the magnetic energy is smaller than for C > 0, al-
though all other conditions are comparable for positive
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and negative shear. This indicates that the MRI does
operate in those simulations with Co < 0. Our con-
clusions regarding earlier findings in spherical domains
remain inconclusive. As discussed in Sect. 3.6, the mod-
els of Brandenburg et al. (1991, 1992), where the MRI is
potentially excited, show different results for a slow and
rapid rotation. Therefore, it still needs to be examined
whether the MRI was indeed operating in those early
investigations.

It is possible that models with positive and negative
values of Cg are not so straightforwardly comparable as
in our present Cartesian geometry. Looking at Réadler
diagrams for dynamos in spheres (see also Figure 1 of
Brandenburg et al. 1989), we see significant differences
in the type of solutions that are being excited.

Our work has also shown that the MRI can work
even for small shear parameters when the magnetic field
strength is limited just by the large-scale Lorentz force.
However, mechanisms such as a quenching related to the
backreaction of the Lorentz force from the small-scale
field prevent the MRI from occurring for small shear
parameters. This a quenching limits the magnetic field
strength to values below the critical one where the mag-
netic diffusion rate exceeds the growth rate of the MRI.
Finally, we discussed whether or not the MRI could play
a role in the Sun. We argued that this is likely not the
case, because the turbulent magnetic diffusivity appears
to be too large. Note that the turbulent magnetic dif-
fusivity was ignored in the work of Vasil et al. (2024).
Our estimates are somewhat uncertain because they de-
pend on the magnetic field strength and the value of
the wavenumber. If we assumed it were 27/¢, the MRI
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would definitely be ruled out, while for £ = 1/¢, it would
be right at the limit for Byys = 300 G. This value of the
magnetic field strength is also what was considered by
Brandenburg (2005b), and it is compatible with what
was assumed by Vasil et al. (2024), who discussed val-
ues in the range between 100 G and 1000 G.
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